QUATERNIONIC CONTACT PSEUDOHERMITIAN NORMAL 

COORDINATES 
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^vj , Abstract. This paper constructs a family of coordinate systems about a 

point on a quaternionic contact manifold, called quaternionic contact pseu- 

dohermitian normal coordinates. Once defined, conformal variations of the 

quaternionic contact structure induce changes on the coordinates which are 

studied in an effort to simplify the torsion and curvature at the center point. 

These normalizations are constructed in the hope that they may help prove 

the quaternionic contact version of the Yamabe problem. 



(N 



o 



o 



o 

00 
O 



X 



c^ 



1. Introduction 



Quaternionic contact manifolds, first defined in |Biq99| and |BiqOO| , appear nat- 
urally as the boundaries at infinity of asymptotically hyperbolic quaternionic mani- 
folds. In this way they generalize to the quaternion algebra the sequence of families 
^ I of geometric structures that are the boundaries at infinity of real and complex 

l/^ I asymptotically hyperbolic spaces. In the real case, these manifolds are simply con- 

^O i formal manifolds, that is, manifolds with a family of Riemannian metrics that are 

all conformally related by smooth, positive functions. In the complex case, the 

boundary structure is that of a CR manifold, a manifold with a contact structure 

r^ I and for each choice of contact form, a metric on the contact distribution, satisfying 

certain additional conditions related to those defining a complex manifold. 

A quaternionic contact manifold is similar, having a type of contact structure, 
defined, not by a single non-vanishing 1-form as in the CR case, but rather by 
an R'^-valued 1-form. On the kernel of this form, there is a metric which, when 
paired with the exterior derivatives of the three components of the contact form, 
?H ' defines a triple of almost complex structures satisfying the commutation relations 

of the unit quaternions i, j and k. Like the CR case, there is not a fixed contact 
form, but rather a conformal family of them, which of course gives rise to distinct 
but conformally related metrics on the contact distribution. The almost complex 
structures defined by this varying family determine a three-dimensional subbundle 
of the endomorphism bundle of the contact distribution which may be compared 
to the three dimensional space of imaginary quaternions. 

A natural question coming from this conformal freedom is the quaternionic con- 
tact Yamabe problem, named for its obvious similarity to the original Yamabe 
problem which asked if, given any metric on a compact manifold, there is a confor- 
mal metric of constant scalar curvature. Many mathematicians have contributed 
to this problem since it was first posed in 1960; see [LP87| for a detailed overview 
and references. 

Because CR manifolds have a similar conformal structure, and it is possible 
to define a well-adapted linear connection on such manifolds, there is a natural 
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generalization of the Yamabe problem to the CR Yamabe problem. Though more 
complicated than its conformal counterpart, the CR Yamabe problem has been 
solved using several of the techniques used in the proof of the conformal case. 

In the same way, this paper provides a key step toward the solution of the 
quaternionic contact Yamabe problem, namely the construction of a coordinate 
system in which the invariants of the quaternionic contact structure are considerably 
simplified. 

The primary tool for this is a generalized version of Riemannian normal coor- 
dinates, better adapted to the study of quaternionic contact manifolds. The main 
ingredient in the construction of these coordinates is the fact that the tangent space 
of a quaternionic manifold has a natural parabolic dilation, instead of the more com- 
mon linear dilation seen in Riemannian geometry. This suggests that the curves of 
interest used to define an exponential map from the tangent space at a point to the 
base manifold should incorporate this parabolic structure. This gives rise to the 
following theorem. 

Theorem (pg. llOp . Let (M, V) be a manifold with connection whose tangent bundle 
decomposes as the direct sum of two distributions, H and V . Choose any q € M , 
and let {X, Y) € Hq ®Vq = TqM be any tangent vector. For any curve 7 on Ad and 
any vector field X along 7, let DtX denote the covariant derivative of X along 7. 
Define "f(x,Y) ^° ^^ ^^^ curve satisfying 

D'ii(xY) = 0, 7(x,y)(0) = q, 7(x,y)(0) = X, and A7(x,y)(0) = Y. 

Then there are neighborhoods G O C TqM and q G Om G M so that the function 
^ : O ^ Om ■ iX,Y) 1-^ J(x.Y)i^) ** "■ diffeomorphism, and satisfies the parabolic 
scaling '^{tX^t^Y) = "f(x.Y){t) wherever either side is defined. 

This theorem represents a generalization of the work in [JL89| , from which this 
paper takes its inspiration. There the authors construct a parabolic coordinate 
system on a CR manifold for the same purpose we have here. Their result requires 
several other, very specific hypotheses and works only in the case of a CR manifold. 
This new proof requires nothing more than a linear connection and decomposition 
of the tangent bundle by complementary distributions. 

Using this theorem and a special frame at the center point q, I am able to 
construct a set of parabolic normal coordinates, so named for their similarity to 
the normal coordinates of Riemannian geometry with a parabolic, rather than linear 
scaling. In particular we have the following theorem. 

Theorem fpg. ll4p . Let M be a QC manifold with fixed pseudohermitian structure, 
and let q & M be any point. Then there exist parabolic normal coordinates (a;",i*) 
about q so that at q the metric is the standard Euclidean metric, the contact forms 
are the standard forms on the quaternionic Heisenberg group and the connection 
1-forms vanish. Any two such coordinate systems centered at q are related by a 
unique linear transformation in Sp{n)Sp{l). 

Once these parabolic normal coordinates are defined, I explore the effect of a 
conformal change of contact structure on the curvature tensor of the Biquard con- 
nection, the standard linear connection of a quaternionic contact manifold. Using 
the parabolic normal coordinates, I am able to define a function that, when used 
as the conformal factor, causes the symmetrized covariant derivatives of a certain 
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tensor constructed from the curvature and torsion to vanish, as in the foUowing 
theorem. 

Main Theorem (pg. [22]) . Let M be a QC manifold. For any q E M and any 
N > 2, there is a choice of pseudohermitian structure such that all the symmetrized 
covariant derivatives of Q with total order less than or equal to N vanish at q. If we 
express the chosen pseudohermitian structure as a conformal multiple of another 
pseudohermitian structure, the 1-jet of the conformal factor at q may be freely 
chosen. Once this is fixed, the Taylor series of the conformal factor at q is uniquely 
determined. 

This idea originates in the work of Robin Graham, described in [LP87J . Graham 
developed coordinates in the conformal case which showed that, at a point, the 
symmetrized covariant derivatives of the Ricci tensor can be made to vanish to 
high order by carefully choosing the conformal factor for a conformal manifold. 
In their 1989 paper |JL89| Jerison and Lee showed in a similar fashion that the 
symmetrized covariant derivatives of a tensor constructed from the CR curvature 
and torsion could be made to vanish at a point. 

The structure of the tensor Q is such that many of the curvature and torsion 
terms of the Biquard connection vanish at the center of normal coordinates when 
the symmetrized derivatives of Q vanish to order four (see Theorem l3.17[) . In fact, 
using invariance theory, I show that the only remaining term of weight less than or 
equal to 4 that does not necessarily vanish at the center point is the squared norm 
of the quaternionic contact version of the Weyl tensor. 

Section [5] reviews the relevant background of QC manifolds, including a number 
of important curvature and torsion identities. Section[3]defines QC pseudohermitian 
normal coordinates and the curvature-torsion tensor that can be made to vanish. 
Finally, section [4] shows how to use the normalization of section [3] to simplify the 
curvature tensor at the origin of the QC normal coordinates. Throughout the paper 
many of the results are proved in a similar fashion to the analogous statements in 
[ JL89| ■ and so the proofs of those results are omitted here. 

2. Background 

2.1. Quaternionic contact manifolds. We begin by defining the focus of this 
paper, quaternionic contact manifolds. These manifolds were first described in 
|BiqOO| ; however, in this paper we will use the definition provided in [IMV06] , since 
many useful identities come from that paper. In some sense, quaternionic contact 
manifolds are strictly pseudoconvex CR manifolds working with the quaternions 
instead of the complex numbers. In fact the similarities arc so strong that many of 
the proofs in section [3] are almost identical to the corresponding proofs in [JL89J . 
Formally, we have the following definition. 

Definition 2.1. A quaternionic contact manifold, or QC manifold, is a (471 + 3)- 
dimcnsional manifold M with a 4n-dimensional distribution, H, that satisfies the 
following properties: 

9 H is the kernel of an M'^-valued 1-form rj = {rj^, rf ,rf'); 

9 on H, there are almost complex structures /', i — 1,2,3 that satisfy the 
commutation relations of the unit quaternions, i.e. 

{rf = I'l^I^ = -Id; 
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• there is a sub-Riemannian metric g on H that satisfies 

for all vectors X^Y in H and each i — 1,2,3. 

On a QC manifold, a choice of contact forms, metric and almost complex struc- 
tures is called a QC pseudohermitian structure. Such a choice is not unique. First 
note that there is a conformal freedom, given by multiplying g and the 77' by 
the same smooth, positive function and leaving the almost complex structures un- 
changed. On the other hand, within a given conformal class we have the following 
lemma from jIMV06| . Given the almost complex structures in the definition above, 
we let Q = Span{P}i^i 2.3- 

Lemma 2.2. (a) // {ri,P,g) and {ri,P,g) are two QC structures on M, then 

P = P for z = 1, 2, 3 and g — g. 
(b) // {ri,Q,g) and (T),Q,g) are two QC structures on M with the same hori- 
zontal distribution, then Q = Q and rj = ^77 for some smooth SO(3)-valued 
function ^. 

The presence of the three almost complex structures and their relation to the 
metric g on H provides an action of Sp{n)Sp{l) on the bundle H. An Sp{n)Sp{l) 
frame for H is an orthonormal frame ^a, a — I, . . . ,4:n with ^4fc+j:+i = P$^4k+i for 
k = 0, . . . ,n — 1 and i = 1,2, 3. 

2.1.1. The Biquard connection. In his 2000 paper, Biquard defines a connection 
well suited to the study of QC manifolds, similar in spirit to the Tanaka- Webster 
connection on a CR manifold. Let Q C End H be the span of the three almost 
complex structures. 

Theorem 2.3 ( |BiqOO| ). Let {M^"^^^ ,rj,g,Q) he a manifold with QC pseudoher- 
mitian structure, with n> 1. Then there exists a unique linear connection V with 
torsion T and a unique distribution V C TM , complementary to H , such that: 

• V preserves the decom,position TM = H ®V and the metric g on H ; 

• given X,Y gH, T{X, Y) € V; 

• V preserves the Sp{n)Sp{\) structure on H (i.e. Q is preserved) ; 

• given R G V, T{R,-)\h is an endomorphism of H in (sp(n) © sp(l))^ C 
0[(4n); 

• there is natural isomorphism ip : V —f Q and V</j = 0. 

The distribution V may be described explicitly as the span of the three Reeb 
fields, Ri, i?2, ^3, given by 

where no summation is implied in the second equation. In fact, more is true. 
Letting Ui^ — Ri_idri^ \h, we have uji^ — —luj^, and these are the restriction to H of 
the connection 1-forms for V on y. The isomorphism (p is then simply >f{Ri) — h, 
and so these are also connection 1-forms on Q. 

We can readily extend the metric g to all of TM by requiring that the Reeb fields 
be orthonormal, and V J- H. This metric depends only on the choice of g and 77% 
and in fact is given by g © J^iv^)"^- Further, from Theorem 12.31 it is apparent that 
the extended metric is also parallel with respect to the connection. 
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Because we will be working with a carefully chosen frame in the later sections 
of the paper, it is now worthwhile to introduce some related notation. For the 
remainder of this section we will work with a frame {^q, Ri}a=i,...,in;i=i.2,3 where 
{£,a} is an Sp{n)Sp{l) frame for H, and the Ri are the three Reeb fields described 
above. It is occasionally convenient to have a notation for the entire frame; therefore 
as necessary we may refer to Ri as S.4n+i- In order to have a consistent index 
notation we will use different letters for different ranges of indices. In particular 

a,/3,7,... G {!,..., 4n}, 

i,j,k,... e {1,2,3}, and 

a, 6, c, . . . e {1, . . . ,4n + 3}. 

For the dual basis we use the names 61" and 77*, and as above we may occasionally use 
04n+i _ ^i^ Further, throughout this paper we will obey the Einstein summation 
convention whenever possible. 

Finally we note one last fact of importance, namely that both H and V are 
orientable. The horizontal bundle is orientable since it admits an Sp{n)Sp{l) C 
SO{An) structure, and as noted above Q has an 5*0(3) structure, hence so does V. 
Moreover, the natural volume form on V is given by e = r]^ /\rf' /\rf' , and this tensor 
provides a handy isomorphism between V and /\ V (or their duals). Though we 
will not have much occasion to use them, we denote the volume form on iJ by f2 
and the volume form on TM as dv ^ CI A e. 

Using the volume form e*^'° and the metrics on H and V, there is a convenient 
way to express composition of the almost complex structures. We will also require 
a few identities involving contractions of the volume form with itself, and so we list 
them here. 

Proposition 2.4. The almost complex structures and volume form on V satisfy 
the following identities: 

(1) li^l^P P ~ ^9ij^'p + ^ijkl "^ 13] 

/o\ ^ ilm cl cm cl cm „ ijl ri cl 

(2) EijkS =Ojdk -OkOj, Sijke-' = 2dj,. 

2.1.2. Curvature and torsion identities. Because there are so many relations among 
the tensors defining a pseudohermitian structure, we can expect that there will be 
many relations between the curvature and torsion tensors of the Biquard connection. 
In fact, we will see that there is a very close relation between the quaternionic 
contact torsion and the horizontal Ricci tensor. 

We begin with the torsion. The most basic identity it satisfies is for two vectors 
in H. To wit, since T{X, Y) e V for X,Y e H, 

T\(3 = -r?i?a,C/3] = dv\^a,Cp) = 2g{r^^,^p) - -2I\p, and T^ p-, = 0. 

Before we decompose the torsion tensor further, it is handy to introduce the 
Casimir operator T : End(if) -^ End(i?) on a QC manifold, defined in [IMV06| . 
It is defined locally by 

pS — J-i 13-1 5, 

and satisfies the identity T^ = 2T + 3. It therefore has eigenvalues 3 and —1. 
The most interesting part of the torsion is the collection of endomorphisms 

T{R,-)\h:H^H 

for a vector R (z V. We summarize some results here. 
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Proposition 2.5. The torsion tensor satisfies 

• T\(3 — — 2/*Q,^; 

• T'^ia = = T"'i[jl'^ a for any I G Q: 

• T"j/3 = iT'^)i g + bi^fs where T^ is symmetric in the horizontal indices and 
b is antisymmetric in the horizontal indices. 

• bi"'/3 — Ii"-yfi^ a = fi"' If' where fi is a symmetric, trace-free endomor- 
phism of H that commutes with any element of Q; 

• there is a symmetric, trace-free endomorphism of H called t such that 

{T\% = \[r%Lfp + h%r'^p); 

• '^ap'^ f"ts — '^f-ap and Tap'' T-fS = —Tap; 

• ^"ii — d9°'{Ri,Rj); 

• T ij — Xsij'^ for a smooth function A; and 

• T p-y — T ja — 0. 

Proof. These properties are proved in [BiqOO| and [IMV06| . D 

Corollary 2.6. The torsion tensor T^ip satisfies 

(3) T",^ = \{T''yI^''p + U'^yT^p) + h^jf^^- 

Tliroughout this paper we use the index convention Rabc'^ = ^''(^(Caj'C&)Cc) for 
the curvature tensor. The (horizontal) Ricci tensor is Ric = Rap — R-yap'' and the 
scalar curvature is S — Ra"- We Hst here some properties of the various curvature 
tensors. 



Proposition 2.7. Let X, t, and /i be as defined in Proposition \2.5[ Then the 
curvature tensor satisfies 

g 

(4) Rap = {2n + 2)Tap + 2(2n + b)^iap + -7-9ap] 

4n 

(5) S = -Sn{n + 2)\] 

(6) = ..,/ - 6,„/ - l^e--T^./... - ^^^f., 

(7) o...,/-I^s^^-tV...-^^^,.; 

(8) = Tap,'' ~ ^flap," + 2e'^''TP ,kUpc - Ry^p''r^c.■ 

Proof. These are all proved in IMV06 . Equations ^ and ([5]) follow from Theorem 
3.12, while equations ^, (O and ^ follow from Theorem 4.8. D 

2.1.3. Conformal changes of QC pseudohermitian structure. In the definition of a 
quaternionic contact manifold is the built-in possibility of a conformal change of 
structure. By this we mean that there is a natural way to construct a new QC 
pseudohermitian structure from a given one, namely by multiplying the 77' and the 
metric g by a smooth positive function. In particular, let u G C°°{M) and define 
^i = e^"77* and g — e^^g. Then {^^ kcrTy* = H and 

d7y* = 2e2"duAr;* + e2"d77*, 
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from which we see that, restricted to H, 

dfi'{X,Y) = e2"dry'(X,r) = 2e^''g{rX,Y) = 2g{rX,Y). 

From this conformal change, a whole cascade of changes takes place in the con- 
nection, torsion and curvature, which we record here for future use. 

Proposition 2.8. Let M be a QC manifold with pseudohermitian structure rj. Let 
u £ C°°{M) and define t) = e^"ry. Then the Reeb fields for the new structure are 
given by 

R, = e-^'\R,^LrpuPU- 

If we define |„ = ^^ and 9" = 6" + L," f^ul^ ■q\ then 0"{R,) = and ij'i^a) = 0. Let 
P_i and P3 denote the projections onto the (—1)- and {3)-eigenspaces of T . Then 
the torsion and curvature tensors change as follows: 

(9) faf3 ^Tai3 + P-l{4:UaUi3 -2Uaf3), 

(10) /iQ/3 =/^a/3 +-p3(-2UaU/3-Ua/3), 

(11) Sgai3 = Sgai3 - 16(n + l)(n + 2)uju''gaf3 - 8(n + 2)u^f'' gap- 
Proof. These are proved in [IMV06| . equations (5.11), (5.12) and (5.14) with the 
obvious change /i = ^e"^". D 

2.1.4. The quaternionic contact conformal curvature tensor. In conformal geome- 
try, the obstruction to conformal flatness is the well-studied Weyl tensor, the por- 
tion of the curvature tensor that is invariant under a conformal change of metric. 
It is this tensor, or rather its vanishing, that determines if a conformal manifold is 
locally conformally equivalent to the standard sphere. 

Likewise, in the CR case, the tensor which determines local CR equivalence to 
the CR sphere is the Chern tensor, also determined by the curvature of the Tanaka- 
Webster connection. And just as in the conformal case, it is the key to finding the 
appropriate bound for the CR Yamabe invariant on a CR manifold. 

Something similar appears in the QC case, dubbed the quaternionic contact 
conformal curvature by Stefan Ivanov and Dimiter Vassilev in |IV07| . In their 
paper they define a tensor W'^'^ (which we will hereafter refer to as simply W) and 
prove that it is the conformally invariant portion of the Biquard curvature tensor. 
Moreover, if it vanishes, they prove that the QC manifold is locally QC equivalent 
to the quaternionic Heisenberg group. Since the quaternionic Heisenberg group and 
the QC sphere are locally equivalent, this tensor clearly plays the role of the Weyl 
or Chern tensors. 

In the conformal setting, for a given metric, the full Riemann curvature tensor 
can be expressed in terms of the Weyl tensor and the Ricci curvature. Analogously, 
in the QC case, the horizontal Riemann curvature tensor is described in terms of 
W and a tensor L which is itself determined by the horizontal Ricci tensor. In 
particular, 

1 S 

(12) Lap = -Tap + Ma/3 + 32„(„ + 2)5"/'' 

where r and /x are the tensors described in propositions 12.51 and 12.71 Since t, /i 
and S may be recovered from L using the Casimir operator and the metric, their 
vanishing is equivalent to the vanishing of L. 
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Equation (4.8) of [IV07J expresses W in terms of the curvature tensor and the 
tensor L as 

(13) WafSjS = RapjS + ga^Lps — gaSLpj + Q/SsLaj — QPfLaS 

+ -^{liapL-^pP^ S — liapLpsI^^-^ + liapL pal / -^I k"^ 8^^'' ) 

+ h'yS^ap^ 13 ~ h'yS^pP^ a + 'n~ P ^iaP^ 7i5- 

Therefore, the QC confornial curvature equals the horizontal curvature tensor pre- 
cisely when the tensor L vanishes. 

2.2. The quaternionic Heisenberg group. We close this section with a brief 
review of the quaternionic Heisenberg group, a non-compact 4n -t- 3 manifold with 
a QC structure. Let H denote the quaternion algebra and H" the right H-module 
of n-tuples of quaternions. Then the quaternionic Heisenberg group, 7i", is diffeo- 
morphic to H" ® ImH with group law 

{pi,UJi) ■ (P2,^2) = {pi +P2,^i +t^2 + 2Im(pi,p2)), 

where (pi,P2) = Y^^i=iP\{P2)* is the standard hermitian inner product on H". 

Writings = [p") = [w"' + x°'i + y°' j + z"k) and oj = ri + sj + tk, the left invariant 
1-forms on 7i" arc 

dw", dx", rfy", dz", 

77I ^-dr^Y^ x'^dw'^ - w"'dx"' + z"dy" - y°'dz°', 



' 2 



-ds - Y^ y^'dw" - z"dx" - w"dy" -t- a;"dz", 

a 

if = -dt-Y z°'dw°' -t- y°'dx°' - x°'dy°' - w°'dz°'. 



2 

a 

Dual to these are the left invariant vector fields 

a 

^ a 

a 

d d d 

R^2-, S^2-, r = 2-. 
or OS Ot 

The QC structure on 7i" is given by declaring the left invariant vector fields above 
to be orthonormal and using the given rf as the contact forms. The almost complex 
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structures are then given by 

i'-.W^^Y^, X^^~Z^, Y^^~W^, Z^^X^; 

I^=I^ol\ 

The horizontal and vertical subbundles of T7i" are given by 

\] — Span{Wa, Xa, Ya, Za} and D = Span{R, S, T} 

and of course T7i" = f) ® 0. The Biquard connection is given by declaring these 
left invariant vector fields to be parallel, and so the flat model of QC geometry is 
exactly the quaternionic Heisenberg group. Finally we note the important fact that 
parabolic dilations 6a{X,R) — {aX,a^R) for a G M are automorphisms for the Lie 
group TC and hence also its Lie algebra. 

3. Coordinate constructions 

In this section we construct a version of normal coordinates that are adapted to 
QC geometry in much the same way that standard normal coordinates are adapted 
to the study of Riemannian geometry. 

3.1. Parabolic normal coordinates. We begin with a general theorem that con- 
structs "parabolic geodesies" ; that is, curves that satisfy an invariant differential 
equation with a parabolic-type scaling. By way of motivation, recall that R", and 
also its tangent spaces at every point, come equipped with a natural dilation that 
sends a vector v to sv, for any real scalar s. If we consider these vectors to be 
based at the origin G M", then by moving from in the direction of the vector v 
for time s we arrive at the standard parametrization of a line, s i~* sv. Further, it 
is a simple matter to see that this line is uniquely determined by the initial value 
problem, 

7 = 0, 7(0) = 0, 7(0) = V. 
Using this as a guide, a geodesic on a manifold with linear connection is a curve 
satisfying the following initial value problem for a fixed X S TqM, 

Dax = 0, 7x (0) = q e M, jx {0)=X e TqM, 

where for any curve 7 on M and any vector field X along 7, we let DtX denote 
the covariant derivative of X along 7. Notice that the standard dilations on M" 
interact naturally with a parametrized geodesic by 

lsx{t) ^jx{st). 

Further, these dilations are Lie algebra homomophisms for the commutative Lie 
algebra structure on R". 

Just as the model for Riemannian geometry is R", the model for quaternionic 
contact geometry is the quaternionic Heisenberg group, described in section 12.21 
The quaternionic Heisenberg group has a family of parabolic dilations {x,t) i~> 
{sx, s^t). If we start from a point G TiV- and travel along the curve s 1-^ {sv, s^a), 
we trace out a parabola. This serves as a guide for our notion of parabolic geodesies 
on a QC manifold. 

As with a line, there is a simple expression for a parabola in terms of a differential 
equation, namely 

''^(v,a) = 0, 7(i',a)(0) = 0, 7(t,,a)(0) = V, 7(«,a) (0) = O. 
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Extending this notion to a manifold with a hnear connection produces curves that 
can rightly be called parabolic geodesies, i.e. that satisfy a natural parabolic scaling 

'l{sv,s^a){t) = l{v,a){st). 



By appropriately restricting our initial conditions, we can show that there is a 
parabolic version of the geodesic exponential map called the parabolic exponential 
map. 

The following theorem carries out this procedure. It represents a generalization 
and improvement of the argument given by Jerison and Lee in |JL89, Theorem 2.1], 
which is specific to strictly pseudoconvex CR manifolds. In particular, Theorem l3.1l 
requires no assumptions on the manifold except a direct sum decomposition of the 
tangent bundle by two complementary distributions, which is satisfied by both CR 
and QC manifolds. In fact this theorem also generalizes the proof of the existence 
of geodesies on a manifold with connection, simply by assuming that the bundle V 
is the zero section of TM. 



Theorem 3.1. Let (Af, V) be a manifold with connection whose tangent bundle 
decomposes as the direct sum of two distributions, H and V . Choose any q G M , 
and let {X, Y) e Hq (B Vq — TqM be any tangent vector. Define Jix.y) to be the 
curve beginning at q satisfying 

(14) D^'^(x.Y)=Q, 7(x,y)(0)=g, 7(x,y)(0) = X, anrf A7(XY)(0) = F. 

Then there are neighborhoods € O C TqM and q G Om C M so that the function 
^ : O ^ Om '■ (X^Y) i— > 7(x.i')(l) ^■s o, diffeomorphism, and satisfies the parabolic 
scaling ^{tX,t^Y) = 7(x,Y)(i) wherever either side is defined. 

Proof. First, note that for any two tangent vectors X and Y , there is a unique 
smooth curve satisfying (|14p . This follows from the standard existence and unique- 
ness results on systems of ODEs applied to the coordinate form of the equation. In 
particular, in any local coordinates {a;*}, centered at g, we let F^- = dx^lV Q^dj) be 
the Christoffel symbols of V. Then 



(15) (A)'7= 7«+f7'F 



;Jr^ 



+ 27 7 r,j- + 7 7-'7 diT^^ +777 F^^F.j- 



dk 



so ([T4| is a third order, nonlinear system of ODEs with smooth coefficients. 

Now for any a G K, define a{t) — 7(x,Y)(ai). Then d{t) = aj{at), Dt& = a'^Dtj 
and {DtY& — a^{Dt)^"f = 0. Thus, by uniqueness of solutions, a{t) = "i(x.Y){o,t) — 
l{aX,a^Y){t)i which shows the parabolic scaling. 

Now, let TT : £: = TM © TM -^ M be the Whitney sum of TM with itself. 
Define a vector field P on i5 by 



(16) 



Pip,X,Y)f ^ 



t=0 



/(7(x,y)(i),7(jf,y)(0:A7(x,y)(i)), 



for any function / G C°°{E,M.). Let {x*} be coordinates on M, and take fiber 
coordinates {77*} and {^*} on E where r]'^{p,X,Y) = dx^{X) and ^*(p, X, F) — 
dx^{Y). Then in these coordinates, if we let (7(jf,y),7(x,Y)j -Dt7(x,y)) = {x'',r]^,£,^), 
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we can write Pi 



(p-X,Y 



)/ as 



Pi 



(P,X,Y) 



■ k d -k 9 ^k (^ f 



(17) 



V 



_d_ 
dx 



jf+ie~v'vn)^f 



vrr^^Q^f 



In this formula, the F^ are the ChristofFel symbols of V, lifted to be constant on 
the fibers of E, and we have used the fact that {Dtf'-^ = 0. This expression shows 
that P is smooth, that integral curves of P project onto solutions of p^ . and that 
solutions of (|14p lift to integral curves of P by p{t) = (7(i), 7(t), Dt'^{t)). 

The flow of P is defined on some open subset of O C K x i? containing {0} x E. 
Thus from the above, ^{x.Y){t) = t^ ° d{t, (g,X, F)). 

Let b : TqM ^ E he the inclusion sending X e Hq to {X, 0) G Eg and 1" € V, to 
(0,y) G Eg. Then*(X,y) = 7ro6'(l, (g, t(X + r))), which shows that ^ is smooth 
on some open set in i^^{0) to M. 

We will now show that ^ is a diffeomorphism by showing that ^* is the identity 
map on H and one half the identity map on V. Given X G Hq, we have 



*•--! 



t=0 



ntx,o) = - 



t=0 



7(tx,o)(l) = -^ 



dt 



t=o 



7(x,o)(i) 



X. 



For Y G Vq, let a(t) be the V-geodesic with initial velocity Y, and define /3(s) = 
a{s^t). Then /3(s) = 2sid(s2i), D,./3(s) := 2ta{sH) and (£i,)2/3(s) = 0. Thus 
/3(s) = 7(o,2ty)(s) and 



^*F= — 



t=o 



mtY)^- 



7(o,ti')(l) 



t=o 



_d 
dt 



t=o 



/\/2\ d 
7(o.2*y)(— J = ^ 



t=o 



a(i/2) - -Y 



Since ^* is invertible, ^ is a diffeomorphism from some subset of t ^(O) C T^M 
to M. Relabeling our open sets if necessary, the theorem is proved. D 



As a matter of interest, we note here that this proof extends readily to higher 
order "polynomial geodesies" that satisfy a higher order scaling condition, defined 
by the equations 



D^^^O, 7(0) =P, D^j{0)^Xk, k^O,. 



1. 



Further, if we have a direct sum decomposition TM = (B^ZqV'', and Xk G V^'^lp, 
we have a diffeomorphism from a neighborhood of G TM to a neighborhood of 
p € M defined in the obvious way. 

We will use the diffeomorphism described to provide a useful coordinate system 
on a QC manifold with a given pseudohermitian structure. Before we do that, we 
will need the following lemma which allows us to take a frame for TqM and construct 
a local frame on a neighborhood of q, compatible with the parabolic exponential 
map. 

Lemma 3.2. If Z is any vector field parallel along all parabolic geodesies beginning 
at q, then Z is smooth. 
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Proof. Let {x"} be local coordinates centered at q, and let 

Then along every parabolic geodesic 7, Z satisfies 

dsZ^is, X, Y) + r(x.Y){^)Z\s, X, y)r^fc(7(xy) {s)) = 0. 

Since 7(x,y) depends smoothly on s, and X, Y and F*^- depend smoothly on the 
coordinates, we see that Z° is a smooth function of its parameters. Thus Zp = 
Z°-{1, '^~^{p))da is a smooth vector field on a neighborhood of q. D 

Now, let us return to the QC case. Let {Ri} be an oriented orthonormal frame for 
Vq, and let {7^} be the associated almost complex structures. Choose an orthonor- 
mal basis {S,a} for Hq so that S.4k+i+i = Ii£,4:k+i for fc = 0, . . . , n—1. Extending these 
vectors to be parallel along parabolic geodesies beginning at q, we have a smooth 
local frame for TM ^ H ®V. Define the dual 1-forms {e°',-q'} by 6'"(C/3) = S^, 
6°'{Ri) = 0, rj^i^a) = and if{Rj) — (5*. Finally, we extend the almost complex 
structures by defining liS^^k+i = S,ik+i+i for each fc. Then each of these 1-forms 
and almost complex structures is also parallel along parabolic geodesies, and all are 
parallel at q. Using this frame and coframe, we have the following lemma. 

Lemma 3.3. For the frame, coframe and almost complex structures defined above, 
and for all vectors X,Y ^ H , we have 

dT]\X,Y) ^2g{PX,Y). 

Thus the rf ,P and g form a QC pseudohermitian structure on M. 

Proof. Let g, ff and P be the metric, contact 1-forms and almost complex struc- 
tures defining a QC pseudohermitian structure near q. By a constant coefficient 
rotation, we may assume that ff\q = rf\q. Since the connection preserves the 
metric, the orthogonality relations of the rf are preserved by parallel translation. 
Thus, both {rf} and {if} are oriented orthonormal T^-coframes, and so are related 
by an orthogonal transformation at each point. Since both frames are smooth, the 
transformation is smooth, and since the determinant is a continuous function on a 
connected set with values in ±1, which equals 1 at q, the transformation actually 
lies in 50(3). Thus the rf and /* form a QC pseudohermitian structure with g. D 

The frame and coframe constructed above will be called a special frame and a 
special coframe. 

Given any special frame, we may define a coordinate map on a neighborhood 
of q by composing the inverse of $ with the map A : TqM -^ M^"+'^ : X i-^ 
(a:",t*) — {9°" {X) , rf {X)) . These coordinates will be called QC pseudohermitian 
normal coordinates, or pseudohermitian normal coordinates when no confusion can 
arise. 

With these definitions in mind, our index convention defined in section [5] is 
hereby refined to refer to a special frame and coframe henceforth. 

3.1.1. Parabolic Taylor expansions. Returning to our analogy between scaling op- 
erators on R" and the quaternionic Heisenberg group, we recall that the generator 
for the standard dilation a; 1-^ s a; on M" is the Euler vector field X = x^di, and 
a tensor field ip is called homogeneous of order m if ^x'^ = rrup. In the set- 
ting of parabolic dilations on the quaternionic Heisenberg group, the generator of 
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Ss : {x, t) 1-^ {sx, s^t) is the vector field P = x"da + 2t'9i. Note that in the notation 
of section 12.21 we can express P in terms of the left invariant vector fields on H as 

P = w^Wa + x^Xa + y^YaZ^Za + rR + sR + tT. 

As in the Euclidean setting we say a tensor field (/? is homogeneous of order m if 
^p(f = rrnp. For an arbitrary tensor field, we denote by </?(m) the part of the tensor 
that is homogeneous of order m. 

Given a QC manifold and pseudohermitian coordinates as above centered at a 
point q e Af , we may define the vector P in these coordinates. Then next lemma 
shows how P is related to the special frame that we have constructed. 

Lemma 3.4. Let P be the vector described in pseudohermitian normal coordinates 
by P = x°'da + ^f^di, and let loJ' be the connection 1-forms for the Biquard con- 
nection. Then 

e'^{P) = x", rf{P) = t\ and LUa\P) = 0. 
Thus P^x°'^a+t'R^. 

Proof. The proof is essentially identical to the proof of Lemma 2.4 in [JL89J . D 

We now use this result to calculate the low order homogeneous terms of the 
special coframe and the connection 1-forms. Recall that for a differential form ip, 

(18) ^pip^Pjdip + d{Pjip). 

As a result, we have the following proposition. 

Proposition 3.5. In pseudohermitian normal coordinates, the low order homoge- 
neous terms of the special coframe and connection 1-forms are 

(a) '7(2) = 2^t' - I'a(}X°'dx'^; ri\^-^ = 0; 

ry^„,) = i-(t^"c./ + r,,t^"ry'= - 2I\px''9f')^^), m > 4; 

(b) 0^1)= da;"; 6^^^ = Q- 

O^ra) = ^(^'''^/5" - T",^x^ry^ + T^.pfeP + T",,tW)^^y m > 3; 

(c) 0.^1) =0; 

C^a(,„) = ^{Ro.pa^x'^eP + Rc.ja''x''r,' - Ro^^Jt^ 9'' + R^.a^W )(,n), 

m > 2. 

Proof. The proof is essentially the same as the proof of Proposition 2.5 in }JL89| . D 

Let us denote by ^^ those tensor fields whose Taylor expansions at q contain 
only terms of order greater than or equal to m. For example, from the above 
proposition, 77* G ^2 and 0" € ^i. It is routine to check that if (p G Gm and 
V' S ^m' , then ip ® ij) G ^m+m' ■ To further extend the utility of this notation we 
introduce the following: for any index a, let 0(0) = 1 if a < 4n and o{a) = 2 if 
a > An. Given a multiindex A = (ai, . . . Or), we let jJ^A = r and o{A) ~ ^,- o{ai). 
Finally, if we have a collection of indexed vector fields, X^,, we let Xa = Xa^ ■ . . Xa^ , 
and similarly for similar expressions. 
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Corollary 3.6. If we define X a — da + '2,P paX^ di andTi — 2di, then £^a — Xa + ^i 
and Ri = Ti + ff{). 

This corollary shows that the special frame constructed in these coordinates is 
particularly close to the standard left-invariant frame on the quaternionic Heisen- 
berg group. In particular, the vector fields Xa and Ti are the standard left-invariant 
frame on 7i" defined in section 12.21 and the given frame on M is expressed as a 
perturbation of them. Further, as a matter of notation we will occasionally refer 
to Ti as X^^n+i, similar to our convention regarding Ri — ^4„+i. 

Given any two Sp{n)Sp{\)-ha,Tiies at g, they determine distinct parabolic coor- 
dinate systems, related by a unique element of Sp{n)Sp{l). Combining Theorem 
13.11 and Proposition 13.51 we have the following theorem. 

Theorem 3.7. Let M he a QC manifold with pseudohermitian structure rj, and let 
q e AI be any point. Then there exist parabolic normal coordinates (a;",i*) about q 
for which 

gMq) = (J^/,, r]'{q) = -df{q), LUb\q) = 0. 

Further, any two such coordinate systems centered at q are related by a linear trans- 
formation in Sp{n)Sp{l). 

We close this section with a lemma on the parabolic version of Taylor expansions. 

Lemma 3.8. Let F be a smooth function defined near q g M . Then in pseudoher- 
mitian normal coordinates, for any nonnegative integer m, 

1 /'l\o(A)~#A 
o(A)=m ^^ ' 

Proof. The proof is essentially the same as the proof of Lemma 3.10 in [JL89| . D 

3.2. Quaternionic contact normal coordinates. Now, using the coordinates 
constructed above, we will develop a conformal factor u so that the parabolic normal 
coordinates for the pseudohermitian structure e^^rj satisfy a number of convenient 
normalization conditions on the QC curvature and torsion tensors. 

We begin with a technical lemma describing the covariant derivative of a tensor 
field in terms of the action of the vector fields Xa defined in the previous section. 

Lemma 3.9. If Lp is a tensor in 6ra, the components of its covariant derivatives 
in terms of a special frame satisfy 

'^A,B = Xb^A + ^m-o(AB)+2- 

Proof. The proof is essentially the same as the proof of Lemma 3.2 in |JL89j . D 

3.2.1. Parabolic coordinates under a conformal change. Now let us consider the 
effect of changing the pseudohermitian structure by a conformal factor. We let 
fji _ £^"77* for some smooth function u. Then H remains the kernel of the three 
1-forms, and it is a simple calculation to see that for /* = P and g = e^"g we have 

dff{X,Y) = 2g{PX,Y), for aU X,Y e H. 

As mentioned in Proposition l2.8l in [IMV06| the authors demonstrate that the Reeb 
fields for the new structure are given by 

(19) R.^e-^"{R,-Lrpu''^a). 
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If we define fa = ^^ and 9°' = 6" + I,°'puf^ri\ then O'^iki) = and ?7^(|a) = 0. 

The change of connection l-forms under the change of connection is sHghtly more 
complicated as shown in the foUowing lemma. 

Lemma 3.10. Suppose the conformal factor u is order m > 2 with respect to P. 
Then the connection l-forms of the Biquard connection transform as follows: 

Proof. From |IMV06|, Prop 3.5] we can calculate the connection l-forms on V di- 
rectly. In particular, if we write grad^ u = u°'£,a, then for X Cz H , 

Co^{X)^dfi'{R„X) 

= {2du A ?7' -I- dri'){Ri - U grad^ u, X) 

= 2du A rj^ {Ri,X)- 2du A -q^ {h grad^ u, X) 

+ di]^ {Ri,X)- di]^ [li grad^ u, X) 

= -~25{du{X) + dri\Ri,X) - 2g{PI, grad^ u, X) 

= uj,'{X) - 2Sjdu{X) + 25ldu{X) - eh'^gih grad^ u, X) 

^u,^{X) + ehkdu{l''X). 

Since u S ffm, so is du, and so Coi^ = uji^ -\- ^m acting on H . A similar calculation 
for the action of iOi^ on V shows that uji^ = loi^ + Grn- 

For the connection l-forms in the PI directions, we refer to equation (5.5) and 
the equation immediately following equation (5.12) in [IMV06| . They let S — (D — w, 
X, y, Z G H, and denote the conformal factor by ^ = e^". Then 

- 2hg(^SxY. Z) = dh{X)g{Y, Z) - ]^dh{pX)dr,\Y, Z) + dh{Y)g{Z, X) 

+ ]^dh{hY)dT^\Z,X) - dh{Z)g{XX) + ^dh{pZ)drj'{X,Y), 



g{SnX, Y) = -^{^dh{hX, Y) - Vdh{X, UY) - e,'''Vdh{I,X, hY)) 
\{e,'''dh{IkX)dh{IjY) + dh{pX)dh{Y) - dh{IiY)dh{X)) 



^ ^ - A/i + l\dh\H?)g{pX,Y) - e,^''dh{Ru)g{IjX,Y). 



4 
2h'^ 

An\ ~'" ' /i' 

Here we see that uja and LOa^ differ by terms involving dh and V^/i|/f . The relation 
between u and h implies that dh — —e~^"du and 

V'^h = 2e-2"dM (g)du- e^^^y^u. 

Since u is order tti, so is du and from Lemma 13.91 

which is also order m. The last term, dh{Rk)g{IjX,Y) is also order m since 
dh{Rk) € ffm-2 and g <^ ff2- □ 
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Now we are in a position to relate the covariant derivative of the tilded connection 
to that of the untilded connection. This wiU allow us to work only with the original 
connection by accounting for the orders of the error terms. We have the following 
lemma. 

Lemma 3.11. Let (p be an s-tensor and denote by \I^Lp and ViyS its rth covariant 
derivatives with respect to the original and reseated connections respectively. Let A 
and B be multiindices with ^A = s and ^B = r, and let ipA,B o,nd (pA,B denote 
the components of V^ip and V^ip. For a conformal change as described above with 
u e ffm, m >2, we have 

'fA.B = ^A,B + ^m-o(B)-l- 

Further, if o{A) = s (i.e. A contains no entries greater than An) then 

'^A,B — ^A,B + &m,-o{B)- 

Proof. The proof is essentially the same as the proof of Lemma 3.5 in |JL89j . D 

Finally, we will need to know how two sets of parabolic normal coordinates are 
related for conformally related pseudohermitian structures. This is the content of 
the next lemma, which also corrects an error in the 1989 paper of Jerison and Lee 
[JL89) . 

Theorem 3.12. Let ^ and ^ denote the parabolic exponential maps based at q ^ 
M of the pseudohermitian structures rj and fj — e^^rj, respectively. Suppose that 
u € i^rrt with m > 2. Then considered as functions on TqM with the induced 
pseudohermitian structure, ^ — ^ is order m-\- \. 

Proof. We will work in parabolic normal coordinates on M given by the original 
pseudohermitian structure., written as always as (x",t*). Identifying a neighbor- 
hood of G TqM with a neighborhood of g G M, we may write '^{x,t) = {x,t). 
Then writing \['°(a;,t) = x" + f°'{x,t) we need only show that /° is order to + 1 
for each a = l,...,4n-|-3. Since these are parabolic normal coordinates defined by 
the parabolic geodesies of Theorem 13.11 this is equivalent to showing the for any 
particular (x,i), f°'{sx,s'^t) = 0(s™"'"^) as s ^- 0. Further, if we write 7 and 7 for 
the parabolic geodesies with initial data {X,R) = (x",i*) at q for the original and 
rescaled connections, we are reduced to showing that 7(3) — 7(s) G 0{s"^^^) for 
small s. 

Now, let us denote by F^^ and F^^ the Christoffel symbols of the two connections 
in these coordinates, and write B^^ — F^^ — F^^ for the difference tensor. From 
equation (fH|) we see that a{s) = 7(5) — -f{s) satisfies the third order equation 

a-{s) = {l\s)n^)Tt,{^{s))-f{sms)flM^))) 

+ 2{^\sW{s)Tt{l{s)) - ^\sms)flMs))) 

+ {i\sW{s)i\s)daTU^{s)) - ^\sW{s)^\s)ddftMs))) 

+ {i\s)^''{s)Y{s)T'^,M^))VU^{s)) 

~^\s)^%s)T{s)ne{l{^))fUl{s))), 

with initial conditions cr"(0) = 0, cr"(0) = and ct"(0) = -Bl^{0)xPx'^ . From 
Lemma [3. 101 we see that Bi is order m — 1 and so o-(O)'^ = as well. 
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Let US simplify the notation by omitting the dependence on s. To that end we 
write Tl^ = r^,(7(s)), f^^ = f (5)^^(7(5)) and f^^ = fl^{i{s)). Then the equation 
above becomes much more compact: 

(20) a- = {j^'Y^c - I'l'Tt) + 2(7'7T?, - ^"^f ?J 

+ (i^Tg, - ^''TTbc) + (7'7'rf Sef ?c - 7'7'rf Sef ?J 

Our goal is to estimate ct" and then derive bounds on it to prove the theorem. 
Thus we shall expand the right-hand side of equation (j20|) . We present one example 
of this expansion and leave it to the reader to complete the rest. 

I'l'^c - fr^c = (7' - i'')¥n, + 7'(7^ - rwtc 

Using this technique we have the following bound for l^"!, 

+ i7VrsSef LI + li'i'TiT'',, ~ f :^jf LI 

+ l7''7'7^rs,i?LI + l7''7'7^rSe(rL - f Dl- 

Since each of 7", 7°, Fg^ and FJJ^ is a smooth function, by further shrinking 
the neighborhood of q we are considering we may bound each of these functions 
and their derivatives by a uniform constant. Further, from Lemma l3.10l and B^^ — 
da;°(Va,(9c- Va,9c), we have B^ ^ ^m-o(fc)- Since 7^(5) = 0{s°^^^-^), we therefore 
have 

Bl^Y e ffrn-U and 5^7', Bt^i'' e &m-2- 

Finally, since F^^ is a smooth function, it satisfies a Lipschitz estimate 
\ft{s) - f L(s)l < C|7(s) - l{s)\ < Cj2W'is)\. 

b 

Now we define (p{s) = J2a (|f^°(5)P + |f^"(s)P + |cr"(s)P), so that 
r^-"(5)| < C[j2{\a''{s)\ + \a\s)\ + \a\s)\) + .s'-^) 

b 

Taking the derivative of (p we find 

\^{s)\ = 2| Y,{a\s)a\s) + a''(.)a^(.) + a''(.)a^(.)) 
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It is simple to check that the ODE y{s) = C{y{s) + y{sy/'^s"'^^) with initial 
condition y{0) = has a family of solutions given by 



ya{s) 



0, s<a 

^e^"Pl^-2{s■,a), s>a 



where /3fc(s; o) = J'' e '^*/2t'= dt. A routine calculation shows that 

/3fe(s;a) = 0((s-a)'=+i), 

so yo{s) — 0(s^™^^). Further, yo(s) > ya{s) for all a > and hence by Theorem 
El below, ip{s) = 0(s2'"-2), which implies a{s) = 0{s"'+^). This completes the 
proof. D 



Theorem 13.121 above relies on a technical comparison theorem for ODEs given 
in [Har73|, Theorem III.4.1]. The paper which inspired this work, |JL89j . fails to 
recognize the infinite family of solutions to the ODE y{s) = C{y{s) + j/(s)"'^/^s'"~^), 
and so their proof is incorrect as it stands. The argument given above also completes 
their proof, with the following theorem. 

Theorem 3.13 ( [Har73] ) . Let U(t,u) be continuous on an open {t,u)-set E and 
u — vP(t) the maximal solution of 

u = U{t,u), u{tQ)—UQ. 

Let v{t) be a continuous function on [to^to + a] satisfying the conditions t'(io) ^ ""O; 
(i, v(t)) G E, and v(t) has a right derivative Dfiv(t) on to < t < to + a such that 

DBv{t)<U{t,v{t)). 

Then, on a common interval of existence ofu^{t) and v{t), 

v{t) < u"(t). 

3.2.2. Curvature and torsion normalizations. Now we turn to the coordinate nor- 
malization that is the focus of this paper. For each QC pseudohermitian structure, 
we will construct a 2-tensor Q, defined in such a way that by considering the ten- 
sors Q and Q determined by a conformal change, we may recover the symmetric 
covariant Hessian of the conformal factor. Since the antisymmetric covariant Hes- 
sian is determined by the first derivatives and torsion, this completely determines 
the Hessian of the conformal factor. In this section we use the common notation 
P{ab} = ^{Fab + Fba) for thc Symmetric part of the tensor Fab- More generally, 
F/j^\ — > „^.., X^fTgs Fa A, where the sum is over the permutation group on ^A 
letters, and a G S^a acts on the multiindex A by permuting the indices. That is, 
F^A) = Sym{F)A, where Sym{F) is the symmetric part of F. 

Let u £ ^m be a fixed conformal factor. From the transformation rules for 
Tap, IJ'af3 and S in Proposition 12.81 we know that thc tensor Laj3 = ^T^p + ^ap + 
32n(n+2) 9ap transforms as 

(21) Lap = Lap — U(^aP) + ^m-l, 

and a routine calculation shows the torsion tensor T'^ij = d9°'{Ri, Rj) changes as 
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From this and the fact that the volume form on V provides an isomorphism between 

V and A^ V, 

(22) f^.ki^'' = T^.kS^^ + A^J^upj + ^„_2, 

where Aia-' — 2e^''ilka . The operator A is invertible because its minimal poly- 
nomial is toa(s) = s^ + 2s — 8, which follows from 

= -2 A, J'-' +85': 51. 

Because A is constructed from the metric tensors on H and V ^ the almost complex 
structures and the F-volume form, we have A ^ A + G^x and A^^ = A^^ + &„%■ 
Let us now define the tensor 

(23) Bij = Rklafi£ il" 



3 



Since the connection preserves the decomposition of the tangent bundle, we know 
that Raijp — Rjaip — 0, and hence the first Bianchi identity |IV07[ Equations (3.1) 
and (3.2)] shows 

(24) Rklaf3 = Tpi^T'^ ka — T/SkfT^la + T[3rnaT"\l + Tf^kl,a + Tpia.k — Tpka,l- 

Since the curvature is tensorial, by working at a point where the frame is parallel 
so that V/i — 0, we may simplify this using Propositions 12.51 and 12.71 as 

(25) Rklal3 — Tf3ijT^ka ^ TfjkjT'^ la + TfSkl^a + {l^p-),klp a — fJ'fljuI k^ a) 

o ^ I Trwy , /_ Trwy _ rm'-f \\ 

„N J £klm[lJ'Pj-l a + ^[T/3f-l a — Ta-y-l ' p) j 



8n{n + 2) 



+ --;{Ta-i,lIk^ f3 — Ta^^klp P — TjSjjIk'^a + Tp^^klp a)- 



Because ^ap and Tap are symmetric and trace-free, contracting this with an almost 
complex structure on the horizontal indices yields 

(26) Rklafjij" —TfikLalj" + (TpiyT'^ka —TpkjT''la)Ij°' ■ 



We know from Proposition 12.81 that the terms in parentheses change under a con- 
formal rescaling by terms of order at least m — 2, which we will be able to ignore 
below. Thus 

Bij — Bij — Tpkl,alj°' e i — Tpkl,alj°' e ' i + &m-2- 

Notice that we have already calculated Tpu — Tpki above and seen that it depended 
on a second derivative of u, one derivative each in the vertical and horizontal direc- 
tions. Since we are now taking another derivative and /j" is antisymmetric in the 
horizontal indices, we expect that the contraction should result in only a second 
covariant derivative of u in the vertical direction. Modulo terms of order to — 3, we 
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have 

rp T ap ~kl rri j Oifl kl frfi ~kl rp M \ T a/3 , 

J^l3kl,a^j £ i~-'-pkl,a^j £ i — yJ-PklS i — J- I3kl£ i),a-lj + 



= 4/ 



"7, 



^jaj I ■ ■ ■ 

= {16n)uij + . . . . 

Here we are making use of the fact that commuting vertical covariant derivatives 
with horizontal ones depends only on terms of order ?n — 2 or greater and that 

This implies that under a conformal change, the symmetric part of the tensor B 
transforms as 

(27) B(ij) = B(ij) + (16n)u(y) + ff,n-z- 

With these identities in mind, we define the tensor Q as 

Qa/3 = Lafj + g(„_^2) '^^°^' 
Qai = Qia = ~\-^ ) ia -^-ffklSj , 

Then according to (fTTj) . ([21]) . ([22]) and ([27]). under a conformal change with u £ ff„i, 
Q changes as 

^ia ^ia — ^ia ^~ ^m — 2 
Qij — Qi] — ^'"■{i]) + ^m-3- 

Now, from section I3.1.1[ wc recall that the vector field P — x°'^a is the gener- 
ator of the parabolic dilations that inspired the parabolic normal coordinate con- 
struction. Under the conformal change, by Theorem 13.121 the new coordinates 
satisfy x'^ — x°' + ^m+i, and hence P = P + ^m-i, since P depends on both 
^Q G i^_i and Ri G G-2- To study the Taylor expansion of Q we define the scalar 
<& = (5(P, P) = x°'x^Qah- Then by the above comments and the fact that a smooth 
2-tensor is at least order 2, we have 

$ = Q(P, P) = Q{P, P) + ^„+i = x'^X^'Qab + &ra+X- 

Recall that the vector fields X^ and Tj defined in Corollarv l3. Gl are the standard 
left invariant frame on the quaternionic Heisenberg group, and covariant differentia- 
tion using the Biquard connection is represented as a perturbation of the derivatives 
with respect to X^ and Tj according to Lemma [331 We let Lq = — ^^ XaXa de- 
note the standard sublaplacian on 7i" . Combining the above calculations with our 
definitions of $ and $, we have 

= $ - (a;"a;'^X/3XaU + 2fx°'XaTiU + tH'T^Tiu) + Ixl^/Iou + ff,n+i 
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Now we let Vm denote the space of homogeneous polynomials in x and t of order 
m. For u G Vrm it is immediate that 

*(m) ^ *(m) - {x'^X^XpXaU + 2fx°'Xo,T,u + tH^TjT^u) + \x\^Cou. 
Further, 

rn^u = P^u = (x^Xc, + t%fu 

= x°'X„u + x°'x'^X„X0U + 2fx°'XcT,u + 2t%u + ft^T,TjU 
= x'^x^XpX^u + 2f x"Xc,T,u + ft^TjT.u + fT,u + Pu 
= x°'x^XpXc,u + 2fx"'XaT,u + ft^TjT,u + fT,u + mu. 
Combining this with the above calculation for $(„), we have 
(28) $(„) = $(„) - m(m - l)u + f T^u + \x\^Cqu, 

whenever u £ T'm- 

Lemma 3.14. The operator Lm = \x\'^Lq + f'Ti — mirn — 1) is invertible on Vm 
for m > 3. For m — 2, L2 has kernel the subspace 0/P2 spanned by V, i = 1,2, 3, 
and is invertible on the subspace depending only on x" . 

Proof. The proof is essentially the same as the proof of Lemma 3.9 in |JL89| . D 

Using Lemma 13.81 we may write 

■^r- 1 /l\o(C)-#c 

o(abC)=m ^" '' 



and 

(#C)!V2 



'^M= E 7^{ly^^'^'*^^''^'^^XcQa,U. 



o(abC)—m 

Now if we choose u g Vrm then by Lemma 13.111 the covariant derivatives Qab,c 
with o{abC) ~ m may be computed with respect to the original connection with an 
error of order m — o{C) — 1, which vanishes at q. Furthermore, by our calculations 
above, Q — Q & &ra and so by Lemma [3J1 at q, 

Qab,C — Qab,C = ^cQab — ^cQab- 

Thus 



(29) LmU = $(,„) - $(,„) 

1 /l\o(C)-#C 
7^(2) x-x'x^{Qab^ciq)-Qab^ciq)). 



^ 1 /l^o{C)-#C 



o{abC)=m ^'' ' 

The next lemma is the key ingredient in showing that we may force symmetrized 
covariant derivatives of Q to vanish by appropriately choosing u. 

Lemma 3.15. Let q G M and {x",^) be pseudohermitian normal coordinates cen- 
tered at q for a pseudohermitian structure rj. For any m > 2, there is a polynomial 
u e Vm in the coordinates [x, t) such that fj — e^^r] satisfies 

Q{ab,c}iq) = if o{abC) = m. 
For 771 > 3 the polynomial is unique, while for m ^2, it is unique in TZ2- 
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Proof. By Lemma 13.141 if tti > 3 there is a unique polynomial u G Vm such that 

V^ 1 /1no(C)-#C 

o{abC)=rn ^^ '^ ' 

For TO = 2, the right hand side is independent of t, and so there is a unique 
polynomial in TZ2- If we now set fj = e^"77, it follows from (^5)1 that 

For any multiindex abC, the coefficient of x°'x''x is a nonzero multiple of Q(ab,c)- 
Thus we have determined the required polynomial. D 

Finally, we come to the proof that symmetrized covariant derivatives of Q can 
be made to vanish. 

Theorem 3.16 (Main Theorem). Let M he a QC manifold. For any q ^ M 
and any N >2, there is a choice of pseudohermitian structure rj such that all the 
symmetrized covariant derivatives of Q with total order less than or equal to N 
vanish at q; that is, 

Qiab,c){q)^Qifo{ahC)<N. 

If we write rj — e'^^fj for another pseudohermitian structure, we may arbitrarily 
choose the 1-jet of u at q. Once this is fixed, the Taylor series of u at q is uniquely 
determined. 

Proof. We apply Lemma 13.151 repeatedly for 2 < m < N. This works because 
using u G Vm as a conformal factor does not change terms of the form Qab,c with 
o{abC) < m. Choosing the 1-jet of u allows us to inductively determine higher 
order parts of the Taylor series. D 

Using the above normalization for Q and a host of identities from |IMV06| and 
jIV07| we show that at the center point q, the Ricci tensor, scalar curvature, quater- 
nionic contact torsion and many of their covariant derivatives vanish. 

Theorem 3.17. Let M be a QC manifold and rj a pseudohermitian structure for 
which the symmetrized covariant derivatives of the tensor Q vanish to total order 4 
at a point q. The the following curvature and torsion terms vanish at q. 

S, Tap, tJ-api Lap, Raf3, Taij3, Tijk 

ajk: iJ.p: Ma/3, ' ~a/3, 

R C q a afS Q/3 p 7 jifia 

^iji ^,i; ^ ,a 5 ' ti/3, 5 t*'aj3, ' ^^■yif3 ,a^ 

Proof. Considering first the terms of Q with multiindex of order 2, we take the 
horizontal trace to find that at q, 

a 4n+l 
^" -8(n + 2)*-"' 

form which it is clear that the pseudohermitian scalar curvature vanishes. It follows 
that at q, 

— Qaf3 = ■^'''q/3 + A^Q/3- 
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Since r and /i lie in different eigenspaces of tfie Casimir operator T by Proposition 
I2.5( tfiey must both be zero. Since Lap and Rap are determined by Tap, Hap and 
S, they both vanish at q. 

Now consider the terms of Q with multiindex of order 3. Looking at Qai — 0, 
we immediately see that Tajk = since e-' i is an isomorphism from 1/ to /\ V. 

Next we trace Q[ap,-i) on any two indices to find 

n n " a_9n " (4n + l)(2n+ 1) ^ „ „ 

= <ya ji + ^Qap, = 16n(n + 2) '^'^ + ^"'3, +2^0/3, • 

Since TqjTj = 0, combining this equation with equations ([5]) and ([7]) shows that at 
q the tensors Tap,°', Ma/3 " ^-nd S^p satisfy the system of equations 

-. r, (4ri+l)(2n+l) 

16n(n+2) 

1 _(\ 3 

'- " 16n(ri+2) 

1 3 





16(n+2) 

The coefficient matrix here is nonsingular and hence Tap" , fJ-ap " and Sjj all vanish 
at q. 

Moving on to terms of Q with indices of order 4, we see first that Qij = 
— (l/16n)i?(.y) = 0. Next, tracing Qai,p on the horizontal indices gives 

Qo.C = -{A-')j''TpkCe'^',. 
From equation (|26p and the fact that Tap, fJ-ap and Taip vanish at q, we know that 

(30) Rklaplj" — TpkLalj" ■ 

Since the automorphism A is parallel at q and has inverse A^^ = {1/8){A + 2) and 
T pki,°' is antisymmetric in the horizontal indices, we have 



= -{A'' 


)j 


^ pkl, 


a hi 


^ 4- 


i^ pa 


^Tpki. 


a kl 
, ^ 3 


-^" 


i^ pa 


^Rkla 


P^kl 


- A'- 


rB,k 







Equation (4.6) from |IMV06| tells us that 

J A; o Q 

£ ^^^■'=-"4n(n + 2)^''' 
thus tracing Q(ap.i) on the horizontal indices yields 

Since the T^-volume form is an isomorphism, this also shows that the antisymmetric 
part of Bij vanishes. We already know the symmetric part vanishes, so Bij = at 

q- 
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Finally, using ([30|) and the the fact that the almost complex structures and the 
F- volume form are parallel at q, equations ^, (O and ^ become 



Tap 



^ap 



^aP 



Pa 



6Ma/3/" 



4n- 1 



-B,' 



Pa 



+ 



-B/ 



16(n + 2) 



16n(n + 2) 

Q a 
•^ ,a 



•J ,a 



Pa 



3fi^,^^ - 2B, 



R. 



■•yifB 



7 a ji(3 



We know Q^ap.-yS) — ^i^d so tracing on any two pairs of indices yields 



= 2Q„, "^ 



n " /3 ^ "/3_L9„ gg , (4n+l)(2n+l) , 



Since By = 0, we therefore have the following system of equations 



/ 1 -6 

1 

1 -3 

1 2 



16n(n+2) 

3 
16(n+2) 



(4n+l)(2n+l) 
16n(n+2) 







-1 





Tap 



aP 
aP 



f^aP, 
S 

\ Ryip''"!^ a I 











As before, the coefhcient matrix is nonsingular, and hence each of Tap, ^ \iap 
S'^q", and R-yip'^ ^I"^^ a vanishes at q. This completes the proof. 



aP 



D 



4. Scalar polynomial invariants 

4.1. More normalizations. A critical next step in the solution to the Yamabe 
problem is to consider an asymptotic expansion of the Yamabe functional for a 
suitable class of test functions. In doing so, we expect to encounter as coefficients 
certain polynomial tensors in the QC curvature and torsion, to which we are able 
to assign a weight, defined below. By analogy with the conformal and CR cases, 
we expect to be required to consider terms that have weight no more than four. 
Further, the work of the preceding section will allow us to show that, at the origin 
in QC pseudohermitian normal coordinates, our normalizations imply that the only 
such tensors of weight at most four are dimensional constants and the square norm 
of the QC conformal curvature tensor P^ . 

Let us now define the weight of a tensor as follows. 

Definition 4.1. Suppose i^ is a homogeneous polynomial in (x, t) whose coefficients 
are polynomial expressions in the curvature, torsion and the covariant derivatives 
at q. We define the weight w{F) recursively by 

(a) w{Tabc,Diq)) = o{bcD) - o{a), 

(b) w{Rabcd.Eiq)) — o(abcE) — o{d) — o{abE) since c and d always have the 
same order, 

(c) w{FiF2) = wiFi)+wiF2), 

(d) w{gabiq)) = wig^^q)) = w{hap{q)) = w{eijk{q)) = w{c) = 0, 

(e) if 'w{Fa) = TO for all A, then w(X]a Fax^) — m. 

Here c denotes an arbitrary constant, independent of the pseudohermitian structure. 
We also let w{0) = m for all m. 
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We will be interested in the polynomials of weight less than or equal to 4. To 
simplify matters, we recall that Rabij is determined by Raba/s and the only terms 
of weight 1 are identically 0, namely Taf^j and Tija. Table [1] lists the remaining 
curvature and torsion terms, organized by weight. Also, recall that the torsion term 
TaijS is determined by the tensors Tafj and fia[3 as in equation ([3|). 

At this point it is convenient to introduce a few more tensors and relations 
between them from those found in [iIMV06^ . These are all found by contracting the 
curvature tensor against the almost complex structures in various ways. We define 

(oi) Piab -^ ~. ^abaB-^i 5 siab ~- "j ^cuabB^i t ^iab -^ ~. ^OiBab^i 

An An An 

These tensors satisfy the following relations, found in [IMV06[ Lemma 3.11] and 
[TVOTl Theorem 2.4]. 

Proposition 4.2. We may write the tensors p, C,, and a in terms of the torsion 
and scalar curvature as 

1 S 

(32) Piai3 = -{Ta-yiPff - T^ph'^a) + '^Pafli^ p " ^— 7 — T^^iaPi 

('^■x\ /• 2n+l ,^ ^ 1 j^ , 2n + l S 

(33) W - i;^^"7^» + -^-r.pU „ + ^;^Ma./. p + i6^(„ + 2)^^"^' 

n + 2 S 

(34) aiaf) = -^^{Ta-ilC p - Typh^a) - gy^(„ i 2) '^'"'^ ' 

Further, p and a are antisymmetric in the horizontal indices, and 

/nr\ „ jiaP ^ jiaP 3A :^p 6b 

(35) p^^pi ^a^^pi --i^^^^^y W/ -i(;^T^- 

Finally, the curvature tensor Rabap satisfies 

RabaP — ^abaP + PiabI aP, 

where 9\abap is the Sp{n) component of Rabap, o,nd hence commutes with the almost 
complex structures in the second pair of indices. 

As mentioned above, our interest lies in an asymptotic expansion of the Yamabe 
functional for which we will need to consider scalar pseudohermitian invariants of 
weight at most 4. In particular we would like to know that, for a pseudohermitian 
structure normalized as in section [Sj the only interesting terms are constants in- 
dependent of the structure, and the square norm of the QC conformal curvature 
tensor. This is the content of the following 

Table 1 . Curvature and torsion terms of weight less than or equal 
to 4. 

2 3 4 



9aP 


J-aiP 


^ aij 


Taij,p 


9i] 


Tijk 


Taip.-f 


-'-aip,j5 


hap 


RaPtS 


-ti^apfS^p 


TaiPJ 


Sijk 




Raip-t 


^aP'yS.pa 
RaP'yS,i 
Raip-t,& 

Rijp^ 



^y-^0^ 
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Theorem 4.3. Let M be a QC manifold with pseudohermitian structure rj normal- 
ized according to Theorems \3.16\ and \3.17\ Then, at the center of the normaliza- 
tion, q, the only invariant scalar quantities of weight no more than 4 constructed 
as polynomials from the invariants listed in Table [I] are constants independent of 
the structure and ||W^|p, the squared norm of the QC conformal curvature tensor; 
in particular, all other invariant scalar terms vanish at q. 

Proof. We consider the terms by weight. First we notice that the composition 
law of the almost complex structures puts an upper bound on the number of such 
factors that appear in any complete contraction. Namely, the number of almost 
complex structures is no more than half the number of horizontal indices, since 
otherwise, some of the almost complex structures would contract together, resulting 
in a reduction to fewer such structures by equation ([T]). 

Before we begin the consideration of the invariants, it is first useful to recall 
several of the important identities that we have described in previous sections. In 
particular we will be using the following equations repeatedly: 

(HI) Ra0 = i2n + 2)Taf3 + 2{2n + 5)fia/3-\- 

a.nd the fact that 

A^pl/^ = li'^pA'^^ for any A e sp{n). 

We will also need the identities of Theorem 13 . 1 71 and Proposition [42l 

For the terms of weight and 1, the proposition is clear. For terms of weight 
2, we know that Taifs and Tijk already vanish at q by Proposition 12.51 since the 
normalizations of Theorem 13.171 guarantee that Tap, /ia/j and S all vanish there. 
Then clearly any contractions of these factors also vanish. From the curvature 
4-tensor, the only complete contraction involving only the metric is the scalar cur- 
vature which vanishes at q. The remaining contractions involve two almost complex 
structures contracted on their vertical indices and yield contractions of the tensors 
Pia/3, (^iap and C,iaf3 with the almost complex structures. Then Proposition 14.21 
shows that these all reduce to multiples of the scalar curvature and hence vanish 
at q. 

The terms of weight 3 are easier to deal with since these factors all have an odd 
number of horizontal indices. Since these must be contracted in pairs by either g^p 
or liafB, there can be no scalars constructed from them. 

Finally, the terms of weight 4 are the most complicated. There are two ways in 
which we can arrive at a term of weight 4: by taking a product of two factors of 
weight 2, or taking a single factor of weight 4, and then applying terms of weight 
to contract to a scalar. 

Let us first consider the case of a product of two factors of weight 2. In such 
a case the only possible contractions involve a square of the curvature, since all 
the torsion terms vanish even before taking contractions. We will break this case 
into smaller sets based on the number of almost complex structures appearing in 
the contractions. Also, we note that because the torsion terms vanish, along with 
Piaf3, the curvature tensor satisfies all the standard Riemannian algebraic Bianchi 
identities, and commutes with the almost complex structures in either the first or 
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second pair of indices. Further, the two horizontal indices in any metric or almost 
complex structure factor must be split between the two curvature factors; if not, 
one of the curvature factors becomes either a Ricci tensor or one of Pm/3, (^iap, or 
Ciafii all of which vanish at q. 

(a) No almost complex structures: In this case all contractions are handled by 
the metric. By the reasoning above, we may assume the first curvature 
factor is Ra/3-yS and that the second is the raised index version, with the 
indices some permutation of aj3^5. Then the antisymmetry in the first and 
second pair of indices and the ability to switch the first pair with the second 
pair reduces the 24 possibilities to the following three: 

Rap-tsR"" ^ , 

Rcp^sR"'^^\ and R^ii^sR"^'^'^ ■ 

The first term is the squared norm of the QC conformal curvature tensor, 
since by p^ Raf3-fS — Wap-yS when Lap — 0. The last two terms here are 
negatives of each other since Rap-yS is antisymmetric in 7 and 5. Then the 
algebraic Bianchi identity and vanishing of the torsion at q show that 

(36) = Ra0-ys{R"'^^^ + R'^''"^ + R^"'^^) = \\Wf - 2Ra0-ysR"'''^^ ■ 

Thus the remaining terms are also multiples of the squared norm of the QC 
conformal curvature tensor. 

(b) One almost complex structure: Such terms are not possible since they would 
leave an uncontracted vertical index. 

(c) Two almost complex structures: Two almost complex structures are nec- 
essarily contracted on their vertical indices, yielding a Casimir operator. 
Further, to contract the remaining horizontal indices we require two metric 
factors. Here we take the first factor to be RapjS or Rajps, so that we 
are always contracting on the a and (3 indices, and leave the second to be 
some contraction of curvature and the Casimir operator. By rearranging 
indices using symmetries, up to a sign, we may assume that the first index 
of the second curvature factor is contracted against the first index of the 
first curvature factor. For the second metric contraction, it may either be 
on the second indices of both curvature factors, on the third indices of both 
factors, or up to a sign, between the second index of the first factor and the 
third index of the second factor. Considering these possibilities yields the 
following list: 

(37a) RapysR''\.h'"'P''', 

(37b) Ro.f.jsR^^^.L.^^P'" = -i^„/37^i?"/^/.J'^r^^ 

(37c) Ra^^gR'^/.U'^^P'", 

(37d) Ra^0sR''.\U''^P'r 

The first term is a multiple of ||Vl^|P since Rap^s is in sp(n) (g) 5p{n) at q 
and hence commutes with the almost complex structures. That is, 

The terms ()37bp are negatives of each other and by an application of the 
algebraic Bianchi identity as in ([36|l are seen to be proportional to p7ap . 
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In (jSTcj) we compute 

Ro.jpsR'^f .!{''' P'"" = Rc^SuR'^/uh^'-P''' by commuting 

= RaiPsR"' tj." sIi'^'^P"^ renaming indices 

= -RatSiiR'^i/^Ip^P^" by symmetries 

= —RajpsR" fi vIi'"^''P ^ ■ renaming indices 



(38) 



Therefore p7cl) vanishes at q. FinaUy, again using the algebraic Bianchi 
identity as in ([36]) . (|37dp is seen to be proportional to (|37ap . 
(d) Three almost complex structures: Three almost complex structures is a 
viable option, where the three vertical indices are contract together with 
g-ijfe^ The remaining horizontal indices are contracted with a metric factor, 
which by symmetries we may assume to be the first index in each curvature 
term. Then, using the remaining symmetries we have the following terms: 

(39a) R^p^sR''t..pl/'''iP''Ik''e'''' , 

(39b) Rap^sR"p^..P^^If''Ik'''e'"', 

(39c) Rap^sR''.ppP^^If''h'''e'"'. 

Using the fact that the curvature commutes with the almost complex struc- 
tures in either the first or second pair of indices, an analysis similar to that 
of equation (p8)) shows that p9ap vanishes. By commuting the almost com- 
plex structures in the remaining terms with the curvature factors and then 
contracting the almost complex structures together, we reduce to the case 
of only two almost complex structures, which has already been dealt with. 
For example 

R R xR" T.Pt'-T .i^jJPpio^ - R „ "R" r'^'^T ■'^xIJ''f'-^'' 

-"-QP70-*'' pp.v-^1 ^j ^k ^ — -^^apj ^^ ppu^i -^ J 0-^ h ^ 

= Rc.0j''R''pp.U^^{-Sjkg''' + e.kil'^Py'" 

— 9 R ^ '^ R" T ^t^ T^fP 



again by Proposition 12.41 By symmetries of the curvature tensor, this is 
equivalent to a multiple of (j37d|l . 
(e) Four almost complex structures: Finally, for the case of four almost complex 
structures we have the following possibilities up to symmetries: 

(40a) Ra0^sRp.paU''''P^"'If''P'' 

(40b) RaP^sRpp.aU''''P^"'If''P'' 

(40c) Ra0^sRpa.pP''''P^"'If''P'' 

(40d) Raj0sRpp.aP''''P^"'If''P'' 

(40e) Raj0sRpa.pP''''P^"'If''P'' 

As in the previous cases, commuting almost complex structures with the 
curvature factors shows the first term to be a multiple of ||VF|p, and shows 
that the remaining terms reduce to the case of only two or three almost 
complex structures, all of which have been dealt with. 



QC PSEUDOHERMITIAN NORMAL COORDINATES 29 

Now we turn to the terms of weight 4 that do not result from a product of terms 
of weight 2. From Taij,f3, the only possible contraction is Taij^pe^^^Ik'^ . But from 
equations (I23|) and ([25]) we see that this expression is Bi' = 0. 

Next, we consider T^ip^js- Instead of dealing with this directly, we recall equation 
^ which tells us that this is determined by r^^, /i^^, their covariant derivatives, 
and the almost complex structures and their covariant derivatives. Since the almost 
complex structures are parallel at q and r and /i vanish there, we need only consider 
the terms T^p^-yS and fJ-ap.-yS- We deal with r, since the case for fi is identical. We 
know that Tap is a trace- free tensor, and so Ta" ,p^ — locally. Further by Theorem 
13.171 Tap"^ = at q. Also, tracing r against any of the almost complex structures 
is identically 0, and so, at q 

Here ". . ." denotes terms that contain either Tap undifferentiated, or terms involving 
a first derivative of the almost complex structures. In either case, these terms 
are at q, and so Tap^-ysI^^^If vanishes there. Finally we may form the trace 
Tap,-ysI^°''^Ii ■ This term is dealt with similarly, by recalling that r is in the (— 1)- 
eigenspace of the Casimir operator T = /,/*. As mentioned above, the case for /i 
is almost identical, since fi is trace-free, symmetric and in the 3-eigenspace of T. 

Next in the list is Taipj, which we again deal with by considering Tapj and 
Haf3,j- As above, the two tensors are handled almost identically, and so we present 
only the case for r. The only trace we may form is Tap,jP"'^ ■ But as above, since 
the almost complex structures are parallel at q we have, at q, 

Now for the curvature terms of weight 4. Beginning with Rijap, the only com- 
plete contraction is Rijaplk £^^'' = ^i* = 0. Next we consider Rap-yS.i- As 
mentioned above, we need only consider contractions involving no more than two 
almost complex structures. Further, since there is already a vertical index, we must 
have at least one. If we have one almost complex structure, we must also have a 
metric term, and the only possible metric contraction in this case is to Rap,i- Since 
the Ricci tensor is symmetric, we see that RajS^il^"^ = 0. If we admit two almost 
complex structures, we need to include an e^^^ term to contract the vertical in- 
dices. Since the almost complex structures are parallel at q we have the following 
possibilities: 

But at 5, Proposition 14.21 shows that modulo terms that vanish at g, these three 
tensors can be expressed in terms of contractions of Tap,i, Haf3,i and S^i, all of which 
have already been dealt with above. 

Next, consider Raip-y,s- From [IV07[ Theorem 3.1] we know that 

(42) Raip-f — fJ-S'f,aIi [3 + jiTyS.pIi a + TSa.pIi 7 " TSa,'fIi p — Tps^jli a) 

Using this and contracting Raip-y.s against all possible combinations of weight 
terms to form scalar quantities yields terms that contain one of the following: 

• a covariant derivative of an almost complex structure; 

• a contraction of Taij^p that reduces to B^ at q (see ([^ and (^5]) ): 
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• the trace of Taij^p on the vertical indices; 

• the trace of the action of the Casimir operator on r or ju; or 

• a second divergence of r or /x. 

Each of these terms has been considered already in the above analysis and shown 
to be at q. Thus, there are no nontrivial scalars to be formed from Raip-y.s- 

Finally we come to Rap-^s^pcr- There are six complete contractions that contain 
a metric contraction, namely 

p Q/9 Q a r> T af} ji-yS p T aj j-ipS 

^f-aP, 1 *J,Q 1 J^ap.'fd-'-i ^ j -^•-0/3,7(5-' i -* j 

p p J ap j-ijS ry P T a-f Tips 

The first two here vanish at q since Tap"^ = l^ap"^ = 'S',q" = and the Ricci 
tensor is determined by these tensors via ^ . The third term vanishes because the 
horizontal Ricci tensor is symmetric, while the fourth vanishes at q since it repre- 
sents the action of the Casimir operator on the second covariant derivatives of r and 
yU, which has already been considered above. The last two terms may be calculated 
by first tracing with the almost complex structures and then differentiating, since 
the differences vanish at q. We can then easily compute that these also vanish at 
q. Notice that all terms that contain a second covariant derivative of the almost 
complex structures also contain factors like Rap-fsli '^ — Piap = 0. 

The remaining terms are to be found from Rap-yS^pa by contracting the indices in 
pairs with three distinct almost complex structures, and then using e"^^^ to contract 
to a scalar. If we contract the two derivative indices with an almost complex 
structure, we recover only the antisymmetric part of the second covariant derivative, 
which may be rewritten in terms of only one covariant derivative in the vertical 
direction. But notice that we have already taken care of those terms. By the 
antisymmetry of the curvature in the first and second pairs of indices, it therefore 
remains to consider the following four terms 

(43a) A = RaPj5,paP"^P'''l'"'^e^jk, 

(43b) B = Rap->s,paP"'P^''l'""'e,,k, 

(43c) C = Ro.pyS.^paP^^P^'P'"'e^jk, 

(43d) D = Rc.p^s,paP^'P"^l'"'"e,,k ■ 

To show that these are all zero we recall the algebraic and differential Bianchi 
identities for the curvature tensor. These may be found, for example, in |KN96j . 
Differentiating the algebraic Bianchi identity twice and the differential Bianchi iden- 
tity once we have 

(^44j ^apyS-pcr ~r ^p'yaS^pa i ^^apS^pa 

^\-^5i^-^ Pa I J-Sia^ 7/3 i -^Sip^ a-yj^pa: 

t^40j ^ap'yS.pcr ~r ^ppjS.aa i ^pa'fS.pa — 

^V-' Pa^pi^S I J pp-^ai^S i ^ af-^pi^fSJ^a- 

Contracting the right hand sides of (|44p and ([l5|) with the almost complex struc- 
tures and £ as in (^5]) yields scalar terms constructed of quantities we have already 
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shown to vanish at q. Contracting the left hand sides then, we arrive at the foUowing 
equations for A, B, C and D at q, 

A + 2C^0, B-C- D = 0, A-2C = 0, 2B^0. 

For example, 

= A + -tifjjaS.pa^ J ^ £ijk 
I ^■yaf^S^pa-^ ^ ^ ^ijk 

= A + -tiap-fS.pa-l J J Sijk 

+ Rc.0yS,paP^''P^'l'''''e,,k 
= A — -tiap-fS.pa-l ^ J Sijk + L/ 

= A + RaPy5,paP^^P'''l'""'s^,k + C 

^A + 2C. 

Again, this equals zero since the terms on the left-hand side of equation (144]) have 
already been show to contract to 0. From these equations, it is clear that A = B = 
C = D = at q. This concludes the proof. D 
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